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Abstract. We give a survey on the developments in a certain theory of 
quantum vertex algebras, including a conceptual construction of quantum 
vertex algebras and their modules and a connection of double Yangians and 
Zamolodchikov-Faddeev algebras with quantum vertex algebras. 



1. Introduction 

In literature, there have been several notions of quantum vertex algebra. The 
first, under the name "deformed chiral algebra," was introduced by E. Frenkcl and 
N. Reshetikhin |FR| . where certain deformed Virasoro algebra and deformed W- 
algebras were studied in this context. Then Etingof and Kazhdan EK introduced 
a notion of quantum vertex operator algebra in the sense of formal deformation and 
they constructed a family of examples as formal deformations of vertex operator 
algebras associated with affine Lie algebras of type A. Later, Borcherds |B3j intro- 
duced another notion of quantum vertex algebra in terms of a categorical language. 
These (three) notions, though closely related, are quite different, and each of them 
leads to interesting algebraic objects. 

Inspired by the work of Etingof-Kazhdan, in a series of papers ( |Li6j . |Li7j . 
|Li8j . |KL| ) we have extensively studied a notion of (weak) quantum vertex al- 
gebra. While quantum vertex operator algebras in the sense of |EK| are formal 
deformations of vertex algebras, (weak) quantum vertex algebras arc natural gen- 
eralizations of vertex algebras and vertex superalgebras. A weak quantum ver- 
tex algebra in this sense is a vector space V over C equipped with a linear map 
Y : V — > Hom(V, V((x))) and equipped with a vector 1 G V, satisfying all the 
axioms that define the notion of a vertex algebra except that the Jacobi identity 
axiom is replaced by an S- Jacobi identity axiom: For u, v £ V, there exists 



v (i) ® ® fi(x) &V®V® C((x)) 



i=l 
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such that 




Y(u,x 1 )Y(v,x 2 ) 



- X -H )J2f i (-x )Y(v^,x 2 )Y(u^,x 1 ) 





s(^^]y(Y(u,x )v,x 2 ). 



\ x 2 J 



Just as Jacobi identity does, iS- Jacobi identity implies "associativity," so that weak 
quantum vertex algebras are nonlocal vertex algebras, namely field algebras in the 
sense of |BKj . which are vertex analogs of noncommutative associative algebras. 
The notion of quantum vertex algebra is a natural product of Etingof-Kazhdna's 
notion of quantum vertex operator algebra, where a quantum vertex algebra is a 
weak quantum vertex algebra V equipped with a unitary rational quantum Yang- 
Baxter operator S(x) : V ®V — > V <g>V ® C((x)) such that for u, v G V, the 
element 



for the S- Jacobi identity is given by S(x)(v ® u) and such that S{x) satisfies the 
shift-condition and hexagon identity as in jEKj . In this theory, a notion of Etingof- 
Kazhdan, called "non-degeneracy," plays a very important role just as it does in 
[EKj . A result, lifted from |EK| . is that if a weak quantum vertex algebra V 
is non-degenerate, then V is a quantum vertex algebra with S{x) a linear map 
uniquely determined by the S- Jacobi identity axiom. In view of this, a natural way 
to construct quantum vertex algebras is first to construct weak quantum vertex 
algebras and then to establish non-degeneracy. 

Non-degeneracy (in the sense of |EKj ) has been studied for general vertex 
algebras in |Li3| and for general nonlocal vertex algebras in |Li7j . It was proved 
in |Li3| that if V is a vertex algebra of countable dimension (over C) and if V as 
a ^-module is irreducible, then V is non-degenerate. In particular, this implies 
that every simple vertex operator algebra in the sense of [FLMj is non-degenerate. 
(Needless to say, this study was motivated by a result of JEK]. See Remark [27T1 
for further information.) It was proved in [Li 7] that the same assertion of |Li3] 
also holds for nonlocal vertex algebras. Among other results on non-degeneracy, 
it was proved therein that all the vertex algebras that are based on the canonical 
universal vacuum modules for affine Lie algebras or for the Virasoro Lie algebra are 
non-degenerate . 

As for constructing weak quantum vertex algebras, a conceptual construction of 
weak quantum vertex algebras and their modules was established in |Li6j , general- 
izing the construction in [Lil] of vertex superalgebras and their modules (cf . [Li2j , 
|Li5j ). Given a general vector space W, one considers the space Hom(W / , W((x))), 
alternatively denoted by £(W). One then studies what were called compatible sub- 
sets and iS-local subsets of £ (W). It was proved that every compatible subset of 
£(W) generates a nonlocal vertex algebra with W as canonical (faithful) module, 
while every iS-local subset generates a weak quantum vertex algebra with W as a 
module. As an application, examples of quantum vertex algebras were constructed 
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by using Zamolodchikov-Faddeev algebras (see |Li7j . |KLj ) and certain versions of 
double Yangians (see |Li8j ). 

Independently, Anguelova and Bergvelt |ABj (cf. [Alj . |A2j ) have studied 
what were called -ffD-quantum vertex algebras and they constructed very inter- 
esting examples. The work of Anguelova and Bergvelt is closely related to both 
the work of Borcherds and that of Etingof-Kazhdan. In particular, the notion of 
i?D-quantum vertex algebra generalizes Etingof-Kazhdan's notion of braided ver- 
tex operator algebra (see |EK| ) in a certain way. One drawback of this generality 
is that iJu-quantum vertex algebras no longer satisfy associativity, though they 
satisfy a braided associativity (see |EK| . |AB| ). Note that there is a big differ- 
ence in constructions; Anguelova and Bergvelt use Borcherds' bicharacter-twisting 
method to establish iTo-quantum vertex algebra structures on certain Hopf alge- 
bras, whereas we use vertex operators on potential modules to construct quantum 
vertex algebras, so that a representation theory is built up at the same time. 

A fundamental problem, which was posed by Igor Frenkel and Naihuan Jing 
[FJj in 1988 (cf. |EFK| ). was to develop a theory of quantum vertex algebras 
so that quantum affine algebras can be associated with quantum vertex algebras 
in the same way that affine Lie algebras were associated with vertex algebras. 
Arguably the whole study on "quantum vertex algebras" was originated from this 
problem. Though this particular problem is still to be solved, it has led us to various 
interesting algebraic structures. In a recent work |Li9j . we have studied ft-adic 
quantum vertex algebras and we have successfully associated centrally extended 
double Yangians (see [Kh]) with S-adic quantum vertex algebras. It is our belief 
that one will be able to provide a complete solution to the aforementioned problem, 
essentially in terms of this theory of quantum vertex algebras. 

We would like to thank Maarten Bergvelt, Gaywalee Yamskulna, and Wenhua 
Zhao, for organizing this wonderful conference in honor of Geoffrey Mason on the 
occasion of his 60th birthday, and we wish Geoffrey a healthy and productive future 
for many years to come. 

2. Weak quantum vertex algebras and quantum vertex algebras 

In this section we shall discuss the notions of weak quantum vertex algebra and 
quantum vertex algebra and the notion of nonlocal vertex algebra. We shall also 
discuss Etingof-Kazhdan's notion of non-degeneracy for nonlocal vertex algebras, 
which plays a crucial role in the study of quantum vertex algebras. Throughout 
this paper, N denotes the set of nonnegative integers and C denotes the field of 
complex numbers, which will be the scalar field for vector spaces. 

We start with the notion of nonlocal vertex algebra (see |Li6j ; cf. [K] , |BK| , 

[EH). 

Definition 2.1. A nonlocal vertex algebra is a vector space V, equipped with 
a linear map 

Y : V — > Hom(y, V((x))) C (Endy)[[x, x^ 1 }] 

V I * Y(V, X) = y^^VnX^ 71 ^ 1 , 

and equipped with a vector 1 6 V, satisfying the conditions that Y(l,x) = 1, 
Y(v,x)l G V[[x]] and (Y(v, x)l)| x =o = v for v G V, 
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and that for any u,v,w G V, there exists I G N such that 

(2.1) (x + x 2 )Y(u, x + x 2 )F(w, x 2 )w = (x + x 2 ) l Y(Y{u, x )v, x 2 )w 
(the weak associativity) . 

Note that the notion of nonlocal vertex algebra is the same as the notion of 
weak Gi-vertex algebra in |Li2j and is essentially the same as Bakalov and Kac's 
notion of field algebra (see |BKj ; cf. [K]). It has been well understood that vertex 
algebras are analogues and generalizations of commutative associative algebras with 
identity. In contrast, nonlocal vertex algebras are analogues and generalizations of 
(noncommutative) associative algebras with identity. 

For a nonlocal vertex algebra V, define a linear operator T> on V by 

(2.2) Vv = v_ 2 l = -^Y(v,x)l)\ x = forveV. 

ax 

Then 

(2.3) [V, Y(v, x)] = YCDv. x) = ^-Y{v, x). 

ax 

For a nonlocal vertex algebra V, the vertex operator map Y : V —* Hom(V, V((x))) 
amounts to a linear map from V <B> V to V((xj), which we denote by 

Y(x) : V ®V -» V((x)), 

following EK . The following notion of weak quantum vertex algebra, which was 
formulated in |Li6] , singles out a special family of nonlocal vertex algebras: 

Definition 2.2. A weak quantum vertex algebra is a nonlocal vertex algebra 
V that satisfies S-locality: For u, v € V, there exists 

r 

J2 v (i) (8 ® fi(x) 6 V ® F ® C((x)) 
i=l 

such that 

r 

( Xl - x 2 ) k Y(u, x 1 )Y(v, x 2 ) = ( Xl - x 2 ) k J2 fi( x * - x 1 )Y(v^,x 2 )Y(u^,x 1 ) 

i=l 

(2.4) 

for some nonnegative integer k, where fi(x 2 — x-y) is to be expanded in the nonneg- 
ative powers of x±, that is 

— X 9 

fi(x 2 -xi) = e l3 ^f l {x 2 ), 

in view of the formal Taylor theorem. 

Remark 2.3. Notice that if (V, Y, 1) satisfies all the axioms that define the 
notion of nonlocal vertex algebra except the weak associativity axiom, then for 
u,v,w G V the 5-locality relation (|2.4j) together with the weak associativity relation 
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(|2.ip is equivalent to 




Y(u,xi)Y(v,x 2 )w 



(2.5) 




(the S-Jacobi identity). In view of this, the notion of weak quantum vertex algebra 
can be defined by using the axioms which define the notion of nonlocal vertex 
algebra with weak associativity replaced by 5-Jacobi identity. 

The notion of weak quantum vertex algebra clearly generalizes the notion of 
vertex algebra and the notion of vertex superalgebra. A quantum vertex algebra 
will be a weak quantum vertex algebra for which the iS-locality is controlled by a 
unitary rational quantum Yang-Baxter operator as we recall next. 

Definition 2.4. Let U be a vector space. A unitary rational quantum Yang- 
Baxter operator with one spectral parameter on U is a linear map 



where Sii{x), Sxs{x), S 2 z{x) are linear maps from U ®U®U to U ®U ®U<g)C((x)), 
e.g., 



and where £21(2;) = PS\ 2 (x)P with P the flip on U ® U, i.e., P(u ® v) = v ® u for 
u, v G U. 

The notion of quantum vertex algebra (cf. |Li6j ) was derived from the notion 
of quantum vertex operator algebra in |EK| . 

Definition 2.5. A quantum vertex algebra is a weak quantum vertex algebra 

V equipped with a unitary rational quantum Yang-Baxter operator S(x) : V ® V — » 

V <8> V ® C((x)) such that for u, v G V, the 5-Jacobi identity (|2.5p holds with 



S(x) :U ®U ->U ®U ® C((ac)) 



such that 



(2.6) 
(2.7) 



5(-aj)5 2 i(a;) = 1, 

t 5i 2 (cc) l Si 3 (a; + 2)523(2) = S 2 3,{z)S 1 z{x + z)S 12 (x) 



S 12 (x) = S(x) 1, S 23 {x) = 1 ® 5(x), 



r 



(g) u w ® /j(x) = S(x)(v (gi u) 



and such that 



(2.8) 
(2.9) 



[23®l,S(aO] = -^<S(x), 
ax 

5(z)(Y(x) ® 1) = (Y(x) ® l)52a(2)5i 3 (2! + x), 



called the shift- condition and hexagon identity, respectively. 



6 



HAISHENG LI 



In their study on quantum vertex operator algebras, Etingof and Kazhdan 
introduced in [EK| a very important notion, called non-degeneracy. A weak quan- 
tum vertex algebra (or more generally a nonlocal vertex algebra) V is said to be 
non-degenerate if for every positive integer n, the linear map 

Z n : V® n ® C(( Xl )) ■ ■ ■ ((x n )) -» V(( Xl )) ■ ■ ■ ((x n )), 

defined by 

Z n (v W ® • ■ • ® « (rl) ® /(x!, . . . , sa)) = f( Xl , . . . , x„)y( V (1) , an) • ■ • Y{v^ n \x n )l, 

is injective. The importance of this notion can be seen from the following result, 
which, proved in |Li6j . is lifted from Proposition 1.11 of |EKj : 

Proposition 2.6. Let V be a weak quantum vertex algebra. If V is non- 
degenerate, then there exists a unique linear map S(x) :V®V— *V®V® C((x)) 
such that for u, v G V, the S-Jacobi identity \2.5}) holds with 

r 

^2 v{i) ® " W ® M x ) = S(x)(v <g> u). 
1=1 

Furthermore, (V,S(x)) is a quantum vertex algebra. 

Remark 2.7. Let g be a finite-dimensional semisimple Lie algebra and let g 
be the corresponding (untwisted) affine Kac-Moody Lie algebra. For every com- 
plex number £, one has a vertex algebra Vg(£, 0), based on the canonical universal 
vacuum g-module of level I. It was proved in |EK) that if Vg(£, 0) as a g-module 
is irreducible, then VM,0) is non-degenerate. With this as the main motivation, it 
was proved in |Li3j that if a vertex algebra V is of countable dimension (over C) 
and if V as a ^-module is irreducible, then V is non-degenerate. This in particular 
implies that every simple vertex operator algebra in the sense of [FLM is non- 
degenerate. Furthermore, it was proved in |Li7j that if a nonlocal vertex algebra 

V is of countable dimension (over C) and if V as a V^-module is irreducible, then 

V is non-degenerate. 

As every non-degenerate weak quantum vertex algebra has a unique quantum 
vertex algebra structure by Proposition 12 - 61 the term "non- degenerate quantum 
vertex algebra" is unambiguous. Similarly, the term "irreducible quantum vertex 
algebra" is meaningful. 

Having established non-degeneracy for irreducible nonlocal vertex algebras, we 
consider non-degeneracy for reducible nonlocal vertex algebras. A simple fact is 
that every nonlocal vertex subalgebra of a non-degenerate nonlocal vertex algebra 
is always non-degenerate. In view of this, a nonlocal vertex algebra V may be still 
non-degenerate even though Kasa V-module is reducible. On the other hand, this 
gives us a practical way to establish non-degeneracy — by embedding a reducible 
nonlocal vertex algebra into an irreducible nonlocal vertex algebra. 

There is a simple construction of (nonlocal) vertex algebras, due to Borcherds 
(see |B1] ). based on classical associative algebras with derivations. Let A be an 
associative algebra with identity 1 equipped with a derivation d. Define a linear 
map Y : A (End c A)[[x]] by 

Y(a,x)b=(e xd a)b for a, be A. 
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Then (A, Y, 1) is a nonlocal vertex algebra (with 1 as the vacuum vector). Further- 
more, this nonlocal vertex algebra is a vertex algebra if and only if A is commuta- 
tive. Denote this nonlocal vertex algebra by V(A, d). The fact is that any nonlocal 
vertex algebra V, satisfying the condition that Y(u,x)v £ V[[#]] for u, v S V, is 
isomorphic to V(A, d) with A = V, u ■ v = (Y (u, x)v)\ x= o = U-\v for u, v € V, and 
d = T>. We shall see that this construction gives us many important reducible but 
non-degenerate vertex algebras. 

Remark 2.8. Let U be a finite-dimensional vector space. Consider the sym- 
metric algebra S(U ® t _1 C[t -1 ]). Equipping this commutative associative algebra 
with a derivation d/dt, we obtain a vertex algebra V(S(U ® t _1 C[i _1 ]), d/dt). By 
embedding this vertex algebra into a simple vertex operator algebra (associated to 
a Heisenberg Lie algebra), it was proved in |Li7j that V(S(U ® i _1 C[t -1 ]), d/dt) is 
non-degenerate . 

Remark 2.9. Let V be a general nonlocal vertex algebra. Let £ = {E n } ne % 
be an increasing filtration of subspaces of V, satisfying the condition that 1 € £b, 

Y(u,x)E n C fi m +„[[i,i -1 ]] for ra,ji£Z, u g £7 m . 

Set Grg(V) = e neZ (-E n /i?„_i), a vector space. Then (cf. [Li4] ) Grg(V) is a 
nonlocal vertex algebra with 1 + as the vacuum vector and with 

Y(u + E m -i,x){v + E n -i) = 2j(wfe« + £ , m+ , l -i)a;~ fe " 1 for it 6 E m , v G J5 n . 

feGZ 

It was proved in |Li7] that if the filtration £ = {E n } ne z is lower truncated in the 
sense that E n — for n sufficiently negative and if Grg(V) is non-degenerate, then 
V is non-degenerate. By using this result it was proved therein that the vertex 
algebras associated to affine Lie algebras and the Virasoro algebra, based on the 
canonical universal vacuum modules (cf. Remark 12. 7| . are non-degenerate. 

Example 2.10. Let g be any finite-dimensional Lie algebra over C. Con- 
sider the Lie algebra t~ 1 g[t^ 1 } (= g eg) i _1 C[t -1 ]). As d/dt acts on i -1 g[i -1 ] as a 
derivation, it canonically lifts to a derivation of the universal enveloping algebra 
U {t^ 1 q^ 1 ]) . Then we have a nonlocal vertex algebra V(U(t~ 1 g[t~ 1 }), d/dt). For 
a G 0, we have 

Y(a ® r\x) = e x{d/dt) (a ® r 1 ) = a ® (t + x)" 1 = ^(a ® r"" 1 )^. 

n>0 

Denote X)n>o( a ® t~ n ~ 1 )x n by a(a;)~, which is the singular part of the whole field 

a(x) = ^2(a®t n )x- n - x , 

For a, b <E g, we have (cf. |EFK| ) 

[a(a;i) _ ,6(a;2) _ ] = {x 2 - a;;i.) -1 ([a, &](xi)~ - [a,6](x 2 )~), 
or equivalently, 

(2.10) a( Xl )-b{x 2 )- = b(x 2 )-a{x 1 )- + (x 2 - xi)- 1 ^, &](xi)" - [a, b](x 2 )-). 

Using this and induction one can show that V(U(t~ 1 Q[t~ 1 ]),d/ dt) is a weak quan- 
tum vertex algebra. By using Remarks 12.81 and 12.91 it was proved in |Li7j that 
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y(?7(< -1 g[£ -1 ]), d/dt), which is a genuine nonlocal vertex algebra, is in fact a non- 
degenerate quantum vertex algebra with q ® t" 1 as a generating subspace. Note 
that the whole fields a(x) for a £ g satisfy the locality relation 

(#1 - x 2 ) 2 a(xi)b(x 2 ) = (xi - x 2 ) 2 b(x 2 )a(xi) 

(with trivial braiding) and they generate the vertex algebra Vg(£, 0) as in Remark 
12.71 where the half fields a(x)~ for a £ g satisfy 5-locality relation (|2.10p with non- 
trivial braiding and they generate the quantum vertex algebra V(U d/dt). 

3. General construction of weak quantum vertex algebras 

We have seen from Proposition ^. 61 that one way to construct a quantum vertex 
algebra is first to construct a weak quantum vertex algebra and then to establish 
non-degeneracy. Here we discuss a conceptual construction of weak quantum vertex 
algebras and their modules. 

Let us begin with the notions of module and quasi module for a nonlocal vertex 
algebra (see |Li6| ). 

Definition 3.1. Let V be a general nonlocal vertex algebra. A V -module is a 
vector space W, equipped with a linear map 

Y w :V-> Rom(W,W((x))) C (EndW)[[af,af _1 ]], 

satisfying the conditions that Yw(l,x) = lw (the identity operator on W) and 
that for u, v £ V, w £ W, there exists a nonnegative integer I such that 

(x Q + x 2 ) l Y w (u : x + x 2 )Yw{v,X2)w = (x Q + x 2 ) l Y w (Y(u,x )v,x 2 )w. 

In this definition, if we replace the second condition with "for u,v £ V, w £ W, 
there exists a nonzero polynomial p(x\,x 2 ) such that 

p(x + x 2 ,x 2 )Y w (u : x + x 2 )Y w (v,x 2 )w — p(x + x 2 , x 2 )Y w (Y(u, x )v, x 2 )w, " 

we then arrive at the notion of quasi V -module. 

A conceptual construction of weak quantum vertex algebras and their modules, 
which was established in |Li6j . is to use formal vertex operators of a certain type. 
Let W be a general vector space over C. Set 

£{W) = Hom(W, W{{x))), 

which can be viewed as a vertex analog of the notion of EndVK. The identity 
operator, which is denoted by lw, is a typical element of £(W). An (ordered) 
sequence 

(^ (1) (^),---,^ (r) (^)) in£(W) is said to be quasi- compatible if there exists 
a nonzero polynomial p(xi, x 2 ) such that 

(3-1) J] p(x i ,x j )\^ 1 \xi)---i; {r) (xr)£llom(W,W{(x 1 ,...,x r ))). 

\l<i<j<r / 

A subset U of £ (W) is said to be quasi- compatible if every finite sequence in U 
is quasi-compatible. In this definition, if we assume that p(x\,x 2 ) is of the form 
(x\ — x 2 ) k with k £ N, we then arrive at the notion of compatibility. 
Let C(x) denote the field of rational functions. Let 

(3.2) l x . : C(x) -» C((x)) 
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be the unique field embedding that preserves each polynomial. Given any nonzero 
polynomial q(x), writing q(x) — x k (a + xh(x)) for some k G N, a G C, h(x) G C[x] 
with a/0, we have 

(3.3) 6 X;0 ( -}-r) = V a-^x^Kxy G C((x)). 

Furthermore, let C(xi,X2) denote the field of rational functions. As C[xi,X2] is a 
subring of the field C((a?i))((a;2)), there exists a unique field-embedding 

(3.4) tn,x 2 : C(xi,x 2 ) ^ C((xi))((x 2 )), 

preserving each polynomial. For any nonzero polynomial p(xi, x 2 ), writing p(x\, x 2 ) z 
x 2(f( x i) + x 2g(xi, x 2 )) for some k G N, f(x) G C[x], g(xi,X2) G <C[xi,X2] with 
/(x) 7^ 0, we have 

(3.5) l Xi . X2 (— — -) = ^L Xl -Q{f(x 1 )~ : >- 1 )x 2 ~ k g{xi 1 x 2 ) J ■ 

\p(Xi,X 2 ) / ^ 

Let a(x), 6(x) G £ (W) such that the ordered pair (a(x), b(x)) is quasi compati- 
ble. By definition, there exists ^ p(xi, x 2 ) G C[xi,X2] such that 

(3.6) p(x 1 ,x 2 )a(x 1 )b(x 2 ) G Uom{W,W({x 1 ,x 2 ))). 

Note that for any formal series A(xi,x 2 ) G Hom(W, W{{x\, x 2 ))), A(x 2 ,x 2 ) exists 
in Hom(W, W((x 2 ))). Furthermore, A(x 2 + xq, x 2 ), which is equal to 

(e Xo ^ A(x x ,x 2 )\ \ X1=X2 

lies in (Hon^W 7 , VF((x2))))[[xo]]. In view of this, the expression 

— ■ (p(xi,x)a(x 1 )b(x)) I 

\p{x + x,x)J 

exists in (Hom(W, W((x 2 ))))[[x ]]. 

Definition 3.2. Let a(x),b(x) G £(W) such that (a(x),6(x)) is quasi compat- 
ible. Define a(x) n b(x) G £(W) for n G Z in terms of generating function 

Y £ (a(x), x )b(x) = ^ a(x) n b(x)xg n ^ 1 

ngZ 

by 

(3.7) Y £ (a(x),x Q )b(x) = t XyX0 ( — \ J (p(xi, x)a(xi)6(x)) | X i=x+a:o) 

\p{x + x,x)J 

where p(xi,x 2 ) is any nonzero polynomial such that (|3.6p holds. 

This defines (binary) partial operations on £{W) parameterized by n G Z. A 
quasi-compatible subspace £/ of £(W) is said to be Yg-closed if 

a{x) n b(x) G f7 for a(x),6(x) G f7, neZ. 

We have the following conceptual results (see |Li6j ; cf. |Li2j ): 

Theorem 3.3. Let W be a general vector space. Assume that V is a Yg -closed 
quasi- compatible subspace of £(W), containing l\y ■ Then (V,Yg,l\y) carries the 
structure of a nonlocal vertex algebra with W as a canonical quasi-module where 

Yw(a(x),xo) — a(x a ) for a(x) G V. 
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Furthermore, if V is compatible, then W is a V -module. 

Theorem 3.4. Let W be a general vector space and let U be a quasi- compatible 
subset of £{W). Then there exists a (unique) smallest Yg-closed subspace {U} of 
£(W), containing U and lw ■ Furthermore, (([/},>£, lw) carries the structure of a 
nonlocal vertex algebra with W as a quasi-module where Yw(a(x), xq) = ol{xq) for 
a{x) £ (U). 

To obtain a weak quantum vertex algebra, one needs to consider subsets of a 
certain type of £ (W). 

Definition 3.5. A subspace U of £(W) is said to be S -local if for any a(x),b(x) £ 
U, there exists 

r 

J2 b (i) (ar) <8 a w (a:) ®fi(x)eU®U® C{{x)) 
»=i 

such that 

r 

(3.8) (xi -x 2 ) k a(x 1 )b(x 2 ) = (x 1 -X2) k Y,M x 2- x i) b(2) ( x 2) a(2) ( x i) 

i=i 

for some nonnegative integer k. Furthermore, a subset is said to be S-local if its 
linear span is 5-local. 

Remark 3.6. Let a(x),b{x) £ £(W). Assume that there exists 

r 

<g a {l) (x) <g> fi(x) £ £{W) ® £(W) ® <C((x)) 

i=l 

such that (|3.8p holds. One can show (see |Li6j ) that (a(x), b(x)) is compatible and 

Y £ (a(x),x )b(x) 

= Res xl x^S (j^^j a(x 1 )b(x)-Xo 1 5 (^^jJ2f i ( x -x 1 )b^(x)a^(x 1 ). 

In terms of components, for n £ Z we have 
a(x) n b(x) 

= Res Xl l(x 1 -x) n a(x 1 )b(x)-^2(-x + x 1 ) n f i (x-x 1 )b ( - l Hx)a ( - l Hx 1 ) 
V i=i 

We have the following general result (see |Li6j ): 

Theorem 3.7. Let U be an S-local subset of £{W). Then U is compatible 
and (U) is the smallest Y^-closed S-local subspace of £(W), containing U and lyy- 
Furthermore, ((£7),Yg, lw) is a weak quantum vertex algebra with W as a module. 

The following result (see |Li6j ) should be used as a companion of Theorem 13.71 
for practical applications (cf. Remark |3.9[) : 

Proposition 3.8. Let W be a general vector space, let V be a weak quantum 
vertex algebra generated by an S-local subset of £{W), and let 

u(x), v(x),u (1) (x),v^ (x),..., u (r) (x),v (r) (x), c°(x), ...,c s (x)£V, 

f 1 (x),...,f r (x)£C((x)). 
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Suppose that 

r 

Oi - x 2 ) n u{x 1 )v{x 2 ) - (-x 2 + x 1 ) n ^2f l (x 2 - x^v^ {x 2 )u {i) {x x ) 

i=l 




for some integer n, then 



(x! - x 2 ) n Y £ (u{x),xi)Y £ {v{x) 1 x 2 ) 

r 

-(-X2 + x,) n J2 M*2 - x 1 )Y e (v^{x), x 2 )Y £ (u^(x), Xl ) 
»=i 



(3.10) 




Remark 3.9. Here we outline a general procedure to construct weak quantum 
vertex algebras. In reality, one often starts with a certain associative algebra say 
A, which is represented by generators and defining relations, such that generating 
functions for generators form an iS-local set say U. For any highest weight type 
A-module W, U becomes an 5-local subset of £(W), thus by Theorem 13.71 U gen- 
erates a weak quantum vertex algebra (U)w with W as a canonical module. Then 
using Proposition 13.81 one shows that (U)w is a vacuum A- module with each gen- 
erating function a(z) acting as Yg(a(x), z). Now, taking W = V to be a universal 
"vacuum A- module," one shows that (U)y as a vacuum A- module is isomorphic to 
V. Consequently, V has a weak quantum vertex algebra structure transported from 
(U)v- Furthermore, for a general highest weight type A- module W, since (U)w is 
a vacuum yl-module and since V is a universal vacuum A-module, there exists an 
j4-module homomorphism tpyy from V onto (U)wi sending the vacuum vector of 
V to lw- It follows that ipyy is in fact a homomorphism of weak quantum vertex 
algebras. As W is a canonical module for (U)w, W is naturally a ^-module. 

Remark 3.10. As it was illustrated in Remark 13.91 we often obtain a non- 
degenerate quantum vertex algebra structure on a space V with an 5-local set of 
fields on V, parameterized by the vectors of a subset U of V. In this case, U 
becomes a generating subset of V as a quantum vertex algebra. The braiding for 
the generators is simply coded in the 5-locality relation, while the braiding for the 
descendants can be obtained by using the hexagon identity and unitarity relation. 

4. Examples of quantum vertex algebras 

Here we discuss some examples of quantum vertex algebras, which were con- 
structed by using the procedure outlined in Remark 13.91 The associative algebras 
that we are going to use are Zamolodchikov-Faddeev algebras (see }ZZj . [Fa] ) and 
(center less) double Yangians (see |KTj ). 

Let H be a finite-dimensional vector space over C, equipped with a bilinear 
form (•, •), and let 

S{x) : H®H^H®H® C{{x)) 
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be a linear map. Let T(H <g> C[t,t *]) denote the free associative algebra over 
H (g> C[t, i -1 ]. For u £ H, n £ Z, set u(n) — u®t n . Form the generating function 

tt(ar) = "W^"" 1 G ® C[i, t _1 ])[[a?, a? -1 ]]. 

Define an (if, S)-module to be a T(if®C[t, i _1 ])-module W satisfying the conditions 
that for every u £ if, w £ W, u(n)w = for n sufficiently large and that for 
u,v E if, w 6 W, 

where S(x)(v<giu) = Yli=i v ® u ® fi( x )- A vacuum (H , S) -module is an (H,S)- 
module J4 7 equipped with a vector w satisfying the conditions that u(ji)wq = for 
u G if, n > and that VF = T(ff ® C[t, i _1 ])wo- In terms of this notion we have 
(see [El7] ): 

Theorem 4.1. Let (V, 1) be a vacuum (H 1 S)-module that is universal in the 
obvious sense. There exists a weak quantum vertex algebra structure on V with 1 
as the vacuum vector and with 

F(it(— 1)1, x) = u(x) forueH. 

Furthermore, for any (H,S) -module W , there exists a V -module structure such that 
Yw(u(— 1)1, x) — u(x) for u £ if . 

Let J+ denote the left ideal of T(H ® C[t, t^ 1 }), generated by the elements 

uW(ni)-Ji«(»v) 

for r > 1, u w G if, ni G Z with m H hn r >0. Set 

F(ff,<S) =T(H®C[t,t- 1 ])/J+, 

a T(if ® C[i,t _1 ])-module. For any u £ H, w £ V(H,S), we have u(n)w = 
for n sufficiently large. Then define V(H, S) to be the quotient T(H <S> C[t,t -1 ])- 
module modulo the relation (|4.ip for u,v £ H, w £ V(H,S). Denote by 1 the 
image of 1 + J + in V(H, S). We see that (V(H, S), 1) is a vacuum (if, <S)-module. 
Furthermore, we have (see |Li7j ): 

Proposition 4.2. Let if, (•,•} be given as before and let S{x) be a linear 
map from if <g> if to if ® H ® C[[x]]. Then (V(H,S), 1) is a universal vacuum 
(if, S)-module. 

Remark 4.3. Let if, (•, ■) and S(x) be given as in Proposition 14.21 One can 
associate an associative algebra A(H, S) as follows. First consider the tensor algebra 
T(H <g) C[t,£ -1 ]) over the space if ® C[t, t~ l \. Then equip this algebra with the 
Z-grading uniquely determined by deg(u <g> t n ) = n for u £ if, n £ Z. Let A(H, S) 
be the subspace of Ilnez T(H <g> C[t, t~ 1 ]) n , consisting of those / such that f{n) = 
for n sufficiently negative. Notice that A(H, S) is an associative algebra with 
T(H ® C[t, t" 1 ]) as a subalgebra. Then define A(H, S) to be the quotient algebra 
of A(H,S) modulo the relation (|4.1j) . 

The study on the weak quantum vertex algebras V(H, S) was continued in [KLj 
and it was proved that for certain special cases, V(H, S) are irreducible quantum 
vertex algebras. Among other results, the following were obtained in [KLJ: 
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Theorem 4.4. Let CI = (qij(x)) be anlxl matrix in C[[x]] such that Qij(x)qji(—x) 
1 for 1 < i,j • < I and let V be any nonzero nonlocal vertex algebra with a set of 
generators uW,«W (1 <i,j< I) such that 

Y{u { - l \x 1 )Y{u^\x 2 ) = qiJ {x 2 - x 1 )Y{u^\x 2 )Y{u^\x 1 ), 
Y(v^,x 1 )Y{v^,x 2 ) = qi j (x2-x 1 )Y(v^,x 2 )Y{v^,x 1 ), 



Y(u^,x 1 )Y(v^,x 2 )-q ji (x 2 -x 1 )Y(v^,x 2 )Y(u^,x 1 ) = 6 ijX ?6 ( 



Then V is an irreducible quantum vertex algebra. Furthermore, all such quantum 
vertex algebras are isomorphic to each other. 

Proposition 4.5. Let Q = (q t j(x)) be an I x I matrix in C[[x]] as in Theorem 
\4-4\ Assume that there exist fij(x) G C[[a;]] with /y(0) ^ such that qij(x) = 
fij(x)fji(—x)^ 1 for 1 < i,j < I. Then there exists a nonzero irreducible quantum 
vertex algebra as described in Theorem\4-4\ 



Example 4.6. Let A be any nonzero complex number. In view of Theorem 14. 41 
and Proposition 14.51 up to isomorphism there exists a unique irreducible quantum 
vertex algebra V[X] with a set of generators u and v such that 



Y(u,xi)Y{u,x 2 ) = ixo.xt t ; Y(u,x 2 )Y(u,xi), 

\ X - Xi +x 2 J 

Y(v,xi)Y(v,x 2 ) = l X2 . Xi f ^ + Xl X A Y(v,x 2 )Y(v,xi), 

\ A - xi + x 2 J 

Y(u, xi)Y(v, x 2 ) - L X2tXl xi+x 2 \ X2 ^y(u xi) = x^S (—) ■ 

\\ + x 1 -x 2 J \x 2 J 

This can be viewed as a deformed /?7-system, where this reduces to the standard 
/?7-system when A goes to infinity. 

Next, we discuss the example of quantum vertex algebras, constructed by using 
a version of double Yangian DY%(sl 2 ). Let T(sl 2 ® C[t, i -1 ]) denote the tensor 
algebra over the vector space sl 2 8> C[£,i -1 ]. From now on we shall simply use T 
for this algebra. We equip T with the Z-grading which is uniquely defined by 

deg(u ®t n ) = n for u G sl 2 , n G Z, 

making T a Z-graded algebra T = (B n ei,%i- Let T denote the subspace of Y\ neZ T n , 
consisting of those / such that f(n) — for n sufficiently negative. Then T is 
naturally an associative algebra with T as a subalgebra. 
For u G sl 2 , set 

u(x) — u(ri)x~ n ~ l , 

where u(n) = u®t n . We also write sl 2 (n) = s?2 ® t n for n G Z. Let e, /, ft, be the 
standard Chevalley generators of sl 2 . 
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Definition 4.7. Let q be a nonzero complex number. Define DY q (sh) to be 
the quotient algebra of T modulo the following relations: 

e(x 1 )e(x 2 ) = ■ e(x 2 )e(xi), 

—q + xi - x 2 

f( Xl )f(x 2 ) = ~ q + Xl ~ X2 f(x 2 )f( Xl ), 
q + Xi - x 2 

[e(xi), f(x 2 )} = x~ 1 5 h(x 2 ), 

h(xi)e{x 2 ) = ■ e{x 2 )h{xi), 

-q + xi — x 2 

h(xi)h(x 2 ) = h(x 2 )h(xi), 

h(xi)f(x 2 ) = q + Xl —f(x 2 )h(xi), 

q + xi - x 2 

where it is understood that 

(±q + xi- x^ 1 = ^2(±q)- i - 1 (x 2 - XiY G C[[xi,x 2 }}. 

iGN 

As a convention, we define a DY q (sl 2 )-module to be a T-module W such that 
for any w £ W, 

sl 2 {n)w = for n sufficiently large 

and such that all the defining relations of DY q (sl 2 ) in Definition [177] hold. A vector 
wq of a DY q {sl 2 )-module W is called a vacuum vector if 

u(n)wo — for u e sl 2 , n>0. 

A vacuum DY q (sl 2 ) -module is a module equipped with a vacuum vector wq that 
generates W. We use the pair (W,u>o) to denote this vacuum module. 
Set 



T+ = T n and J = T(T+ + sZ 2 (0)). 



n>l 

With J a left ideal of T, T/J is a (left) T-module and for any n£T, sl 2 (n)(v + J) = 
for n sufficiently large. Then we define V q to be the quotient T-module of T/J, 
modulo all the defining relations of DY q (sl 2 ). Denote by 1 the image of 1 + J in 
V q . From the construction, (V q , 1) is a vacuum Z)y g (s/2)-module. It follows ( |Li8j . 
Lemma 2.5) that (V q , 1) is universal in the obvious sense. We have the following 
result (see |Li8j ): 

Theorem 4.8. For any nonzero complex number q, there exists a (unique) weak 
quantum vertex algebra structure on V q with 1 as the vacuum vector such that 

Y(e(-l)l,x) = e(x), Y(f(-l)l, x) = f(x), Y(h(-l)l,x) = h(x). 

Furthermore, V q is a non-degenerate quantum vertex algebra and for any DY q {sl 2 )- 
module W , there exists one and only one V q -module structure Y\y on W such that 

Y w (e(-l)l,x) = e(x), Y w (f (-1)1, x) = f(x), Y w (h(-l)l, x) = h(x). 
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5. Modules-at-infinity for quantum vertex algebras 

In Section 4, we have discussed a version of double Yangian DYn(sl 2 ) and its 
connection with quantum vertex algebras. Here we discuss another version which is 
closer to the original double Yangian (see |KTj . |Khj ) . From the definition, modules 
for DY q (sl 2 ) are of highest weight type. In fact, the original double Yangians were 
defined by using a completion corresponding to modules of lowest weight type. 
The fact that quantum vertex algebras and their modules are of highest weight 
type motivated us to introduce the algebra DY q (sl 2 ) in |Li8| . On the other hand, 
the attempt to relate the original double Yangian with quantum vertex algebras 
led us to a new theory of modules-at-infinity for quantum vertex algebras and to a 
conceptual construction of (weak) quantum vertex algebras and their modules-at- 
infinity. 

As in Section 4, let T be the tensor algebra over the space sl 2 <8> C[i, t ], 
equipped with the Z-grading uniquely determined by deg(s^2 ® t n ) — n for n G Z. 
Let T be the subspace of Tinei^-a, consisting of those / such that f(n) — for n 
sufficiently large. Just as T in Section 4, the space T is naturally an associative 
algebra containing T as a subalgebra. 

Definition 5.1. Let q be a nonzero complex number. Define DY q x (sl 2 ) to be 
the quotient algebra of T modulo the following relations: 

e(xi)e(x 2 ) = — - — — — -e(x 2 )e(xi), 
xi — X2 —q 

f(xi)f(x 2 ) = Xl ~ X2 ~ q f(x 2 )f( Xl ), 
x\ - x 2 + q 

[e{x 1 )J(x 2 )} = -x^S h(x 2 ), 

h(x 1 )e(x 2 ) = — X2 + q e(x 2 )h(xi), 

X\ — X2 - q 

h(xi)h(x 2 ) = h(x 2 )h(xi), 

h(x 1 )f(x 2 ) = — — X2 ■ q f(x 2 )h(x 1 ), 
x\ - x 2 + q 

where it is understood that 

( Xl -X 2 ± q)- 1 = ^(i?) 1 ^! ~ ^P- 1 G C[[X^,X 2 }] 

(cf. Definition [OD. 

Let W be a T(sl 2 ® C[t, t _1 ])-module W such that for every w G W, 

(5.1) sl 2 (n)w = for n sufficiently negative 

and such that all the defining relations for DY q co (sl 2 ) hold. Then W is natu- 
rally a DY 9 00 (si2)-module. We call such a DY^ (sl 2 )-modu\e a restricted mod- 
ule. Note that for any restricted DY g 00 (si2)-niodule W, the generating functions 
e(x) , f (x) , h(x) are elements of the space Kom(W,W((x^ 1 ))). In the following 
we discuss a conceptual construction of weak quantum vertex algebras, by which 
e(x), f(x), h(x) generate a weak quantum vertex algebra. 
Let W be a general vector space over C. Set 

(5.2) £°(W) = Hom(Vy, ^((aT 1 ))) C (EndVF)[[ar, aT 1 ]]. 
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An (ordered) sequence (ip^ (x), . . . , tp^ r ' (x)) in £ °(W) is said to be quasi- compatible 
if there exists a nonzero polynomial p(xi,X2) such that 

(5.3) I J] p(xi,Xj) J ^ 1) (x 1 )---^ r Hx r ) GHom^W^ 1 ,...,^ 1 ))). 

\l<»<i<r / 

A subset £/ of £ °(W) is said to be quasi- compatible if every finite sequence in U 
is quasi-compatible. In this definition, if we assume that p{x\,X2) is of the form 
(xi — x 2 ) k with k G N, we then arrive at the notion of compatibility. 
Let i^.ooixo^ denote the field embedding 

: C(x, x Q ) — > C((x ))((#o)), 

that preserves each polynomial. Let a(x),6(x) £ £°(W3 such that (a(x),6(x)) is 
quasi-compatible. By definition there exists a nonzero polynomial p{x\ 1 x 2 ) such 
that 

(5.4) p(x 1 ,x 2 )a(x 1 )b(x 2 ) G Hom^W^x^x^ 1 ))). 
As 

^,00^0,0 (l/p(^o + £,2;)) S C((x _1 ))((x )), 
{p{x l ,x)a{x 1 )b{x))\ Xl=x+Xo G (Hom(M /r , W / ((x _1 ))))[[a;o]], 

the product 

tx,oo;x 0: (1/P(%0 + X, x)) (p(xi,x)<l(xi)b(x)) \ Xl =x+x 

lies in (Hom^W^ar 1 ))))^)). 

Definition 5.2. Let (a(x), b(x)) be a quasi-compatible pair in £°{W). We 
define 

}£°(a(x), x )fe(x) (l/p(x + x. a;)) (p(xi, x)a(xi)6(x)) | 

x\—x-\-x^ ' 

which lies in £°(W)((xq)) 1 where p(xi,X2) is any nonzero polynomial such that 
(f5\4]) holds. 

Definition 5.3. Let V be a nonlocal vertex algebra. A V -module- at-infinity 
is a vector space W, equipped with a linear map Yw ■ V — » Hom(W, W((x -1 ))), 
satisfying the conditions that Yw(l,x) = lvp and that for u,v G V, there exists a 
nonnegative integer k such that 

(xi -x 2 ) k Y w (u,x 1 )Y w (v,x 2 ) G Hom(T^, ^((x^" 1 , x^ 1 ))), 

and 

(5.5) XqY w (Y(u,x q )v,x 2 ) = ((xi - x 2 ) k Y w (u,xi)Y w (v,x 2 )) \ Xl =x 2 +x - 
In terms of this notion we have (see |Li8j ): 

Theorem 5.4. Let V be a closed compatible subspace of £°{W), containing 
lw ■ Then (V,Yfo, lw) carries the structure of a nonlocal vertex algebra with W as 
a (faithful) module- at-infinity where Yw(a(x), Xo) = a(xo). 

Theorem 5.5. Every maximal compatible subspace of £°{W) is closed and 
contains \w ■ Furthermore, for any compatible subset U, there exists a (unique) 
smallest closed compatible subspace (U) containing U and lw, cind ({U), Yg a, lyy) 
carries the structure of a nonlocal vertex algebra with W as a (faithful) module-at- 
infinity where Yw{a(x), xq) = a(xo). 
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Recall that C(x) denotes the field of rational functions. Let 

tw lO0 ■ C(a:) -» Cdx- 1 )) 

be the unique field embedding that preserves each polynomial. To obtain weak 
quantum vertex algebras we need analogs of 5-local subsets. 

Definition 5.6. A subspace U of 8°(W) is said to be S-local if for any 
a(x),b(x) 6 U, there exists 

r 

^V 4) (x) ®v {i) (x) ®fi{x) e U®U ®C{x) 

i=l 

such that 

r 

(xi - x 2 ) k a{xi)b(x 2 ) = (xi - # 2 ) fc ^/x,oo(/i)(-#i + x 2 )u ( - l) (x 2 )v {l) {xi) 

for some nonnegative integer k. 

In terms of this notion we have (see [Li8|): 

Theorem 5.7. Let W be a vector space and let U be an S-local subset of £°(W). 
Then U is compatible and the nonlocal vertex algebra (U) generated by U is a weak 
quantum vertex algebra with W as a module- at-infinity. 

Recall from Section 4 the quantum vertex algebra V q . Then we have (see [Li8j): 

Theorem 5.8. Let q be any nonzero complex number and let W be any re- 
stricted DY q ° c (sl 2 ) -module. There exists one and only one structure of a V q -module- 
at-infinity on W with 

Y w (e(-l)l,x) = e(x), Y w (f (-1)1, x) = f(x), Y w (h(-l)l, x) = h(x). 
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